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Optimization of Truss Structures Having Local
and System Geometric Imperfections
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A method to optimize truss structures, having both local and system geometric imperfections, is presented.
The design is subjected to side, stress, displacement, local buckling, and system buckling constraints. During the
optimization process an approximate analysis was used in order to obtain an efficient and practical method.
Numerical optimization results for a 17-bar truss structure are presented. It is shown that small imperfections
affect the optimum design considerably and lead to optimum designs with material distributions distinctly
different from those obtained ignoring imperfections. It is also shown that previously suggested simple
correction techniques for coping with the presence of imperfections do not yield optimum designs and,
therefore, a systematic approach, such as presented herein, is needed.

I. Introduction

T is well known that optimization of structures causes

different modes of failure to coincide. As pointed out by
Koiter and Skaloud,! simultaneous failure might give rise to
severe imperfection sensitivity which can destroy this op-
timum. This problem has also been raised by others, for
example, Thompson et al. 2 The reaction of the designers to
this problem has been either hesitation to use optimization, or
avoidance of the problem through the use of safety factors.®
It is likely that the correct answer to this problem should be
based on including the influence of imperfections in the
analysis, while optimizing the structure.

There are relatively few previously published studies in
which structures are optimized, taking into account the
presence of imperfections. The influence of local geometric
imperfections on the optimum design of lattice columns was
discussed by Thompson and Hunt’ and Crawford and
Hedgepeth.” The latter investigators also studied the in-
fluence of local imperfections on the optimum design of truss-
core sandwich panels. The structural analysis used in these
investigations was a simplified one that neglected many
important effects. Furthermore, none of these previous in-
vestigations considered the important influence of system
imperfections on the structures that were examined.

In a recent paper? the present authors presented a method
of anmalysis for predicting the behavior of truss structures
taking both member and system geometric imperfections into
account. Since imperfect truss structures exhibit a highly
nonlinear behavior this nonlinear analysis was very expensive
and time consuming. Therefore, in a later paper® a design
oriented approximate analysis method for efficiently
estimating the change in the behavior response of
geometrically imperfect truss structures that undergo changes
in the elements’ cross sections was presented. This ap-
proximate analysis, which is faster and cheaper than the more
accurate and complete iterative nonlinear analysis method, 8
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provides an adequate foundation on which to build an op-
timization capability for imperfect truss structures.

The present paper presents optimization of truss structures
which suffer from both local and system geometric im-
perfections and the design is subjected to side, displacement,
stress, local buckling, and system buckling constraints.

II. Theory
A. Background Results

A truss structure is composed of M truss elements. Figure 1
shows the truss element / spanning between. its boundary
points P and Q. The length of the unloaded element is ;, and
its uniform cross-sectional area is A;. The coordinates X, Y,
and Z are fixed in space while x is a local coordinate con-
necting the boundary points P and Q. The geometric initial
imperfection of the element is given by the following initial
transverse deflection:

W =bysin(ax/L,) )

where b, is the amplitude of the local initial imperfection.,
The element is acted upon by an end force F,,, associated
with load condition k. The force F, acting on the imperfect
truss element causes both pure tension or compression and
bending. As a result, at the midspan of the element (x=L,/2),
two extreme stresses, a maximum and a minimum, appear at

Fig.1 Truss element with initial imperfection. .
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the two extreme points of the cross section, measured with
relation to the neutral axis of bending. These two stresses are
given by [Eq. (15) of Ref. 8] :

_xkl:l:i: bOcht dxlc ] (2)

(o; L=
zk) max,min Ai rlz_) 1 +dik

where y; in Eq. (2) is the distance from the extreme fiber to
the neutral axis. In the case of a cross section that is not
symmetric there are two extreme fiber distances to consider:
one is in tension and the other is compressed by bending.
Since the direction of the initial imperfection must be
regarded as random, it is reasonable to take y, as the larger
of the two extreme fiber distances. The symbol r; in Eq. (2)
represents the radius of gyration given by

rP=I/A; (3a)

where I; is the smaller of the two principal-axis moments of
inertia. The notation d;;, that appears in Eq. (2) is defined by

dy=Pg/Fy (3b)
while P, the Euler buckling load of the element, is given by
Pg=n?El/L? 3¢)

where E; is Young’s modulus of the element.

In order to obtain the nodal displacements and the member
forces, the equilibrium state must be determined. This is done
by assembling the stiffness matrix of the entire structure. In
order to assemble this matrix the stiffness matrix for each
element must be generated. In the case of imperfect truss
elements the stiffness of each element depends on the force in
the element [see Eqgs. (17) and (18) of Ref. 8] and in general
this force can only be found by solving the entire system of
equilibrium equations. It is thus apparent that the structural
analysis problem is nonlinear. Furthermore, in order to in-
clude the influence of system imperfections, geometric
contributions to the stiffness matrices (assuming small
rotations of the elements) are included in the formulation.
This introduces an additional nonlinear feature into the
structural analysis.

As explained in Ref. 8, the nonlinear set of equations is
solved iteratively for the displacements. After convergence the
nodal displacements and the member forces are known. This
nonlinear analysis is very expensive and time consuming and
therefore inappropriate for optimization purposes where a
large number of analyses is required. Therefore, a more ef-
ficient and faster approximate analysis was developed.® This
approximate analysis is based on a complete nonlinear ac-
curate analysis of a certain design, called the base design, and
it predicts the change in the behavior of the structure as a
result of varying the elements’ cross sections compared to the
base design.

The approximate expression for the displacement of node j
in the direction £ (X, Y, or Z direction) under load conditions
k is given by [Eq. (4) of Ref. 9]

jlk—(u,gk)o+2( aﬁj[: ) [Biu— (Bi) ol 4)

The subscript zero indicates quantities evaluated at the base
design point. Calculation of displacement component
derivatives with respect to the §8;, was discussed in Ref. 9 and
it will not be repeated here. §;; is given by [Eq. (3) of Ref. 9]

Bu= [1 +Yie %2‘]/ A,; (5a)
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while
Yie= (bji/4ri)dy (5b)

The results given in Ref. 9 indicate that this approximation
gives good results even in regions where fairly strong
nonlinearity exists.

It is important to note? that during the approximate
analyses, while changing the cross sections, changes in the
member forces can be neglected, so that

Fyu=(Fy)y ©)

In addition to the displacement response analysis, Ref. 8
also includes an analysis for predicting the buckling load
factor of imperfect truss structures. The buckling analysis
leads to a nonlinear eigenvalue problem because the stiffness
matrix is a function of the forces in the truss elements.
Therefore, this eigenvalue problem is also solved iteratively.
It is assumed in the buckling load factor calculations that the
force distribution in the structure at the onset of buckling is
proportional to the force distribution obtained from the last
complete nonlinear displacement behavior analysis.

An efficient approximate scheme for predicting the
buckling load factor after changes in the member cross
sections was also developed.® Numerical examples presented
indicate that this approximate analysis gives good quality
results. According to this approximate theory the buckling
load factor for mode £ under load condition & is given by [ Eq.
(15) of Ref. 9]

M/ N . .
)\lk=)\tko+i§=:1{< 6/1?; )Mko[(Aik)Mk_(Aik)mo]} (7a)

where

Ay =1/8y (7b)

and Ay, represents the buckling factor for the mode £ under
load condition k, at the base design (before any changes in the
cross sections are made). The notation (9Ay /A ;) yye denotes
the first derivative of the buckling load factor with respect to
the equivalent cross-sectional area A, (for details see Ref. 9)
evaluated when the load factor equals Ay, and the symbols
(A,k))\,k and (A ) represent values of (4,,) when the load
factor is N, and A, respectively. The fact that (4,.),, is a
function of N, implies that Eq. (7a) itself is nonlinear and,
therefore, it is solved in an iterative manner.

B. Design Variables

It is assumed that there are N design variables associated
with the design of a particular truss structure. In this study
only changes of the member cross sections are treated and the
configuration is held fixed. The design variables are denoted
by x, where a takes on integer values between 1 and N. It
should be recognized that x,, is not necessarily associated with
element o because, generally speaking, each element can have
more than one design variable, or on the other hand, several
elements can have one common design variable. It is assumed
that the material properties, the element lengths, and the
imperfection shapes are independent of the design variables.
The quantities that are functions of the design variables are

Ap Iy Yy (8a)
and as a result of Eq. (8a) it follows that the quantities
Priy dyy B Ay (8b)

become functions of the design variables.
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The detailed explicit dependence of the quantities appearing
in Egs. (8a) and (8b) on the independent design variables
depends upon the specific cross-sectional shapes and the
design variables selected.

It will become apparent in the sequel that derivatives of the
terms appearing in Eq. (8b) with respect to the independent
design variables are needed. Since the quantities in Eq. (8b)
depend on the cross-sectional properties in Eq. (8a), a few
simplifications can be made.

According to Eq. (3c) (remembering that E; and L; are not
functions of the design variables)

8P, T’E; dI,

= — 9
a,  L? ox, (%)
2p,. 2E; 9,
a Ei = T i i (9b)
dx,0xg L7 dx,0xg
In view of Eq. (3b) and assumption Eq. (6)
; 1 0P
‘2(-1! il 2 § (10a)
ax, F, ox,
a%d, 1 92P;
ik - Ei (1 Ob)
ox,0xs  Fy 0x,0xg
Furthermore, Eq. (5a) can be written as
6ik_Ai+77ik (1+dy)? (11a)
where
b3.E;w?
L= 11
= rTE (1)

and under the present assumptions »;, is not dependent on the
design variables, therefore,

By _  0A;/0x, —2d,;, (8d, /9x,)
ax, A7 T (1td,)? (12a)
dA; 0A; %A,
328, ax, Ox, ' Ox,dxg
Ix,0x5 A}
—= —= (2d,~1)- dy(1+d,
2 ax,, axﬁ( 1) ax ,0xg e (13dy) 12
Tk (1+dy)* 120
Also using Eq. (7a) it follows that
04, _ 0By /3x,
ax, 2 (132)
266_”‘ a_B_‘L‘ -8, 9%
324, = ox, dx, < “ox,oxg
dx,0xs B3, (13b)
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Examination of Eqs. (9-13) reveals that the only additional
sensitivity information needed at this juncture is the first and
second derivatives of A; and I, with respect to the design
variables. However, it should be noted that the derivatives of
¥y, With respect to the design variables will be required in
order to evaluate the sensitivity of the stress constraints.

In deriving the constraint derivatives it is assumed that the
constraints behave according to the approximate expressions.
The constraints are defined so that they are positive in the
feasible region. The constraints and their derivatives are given
in detail so that it is possible to recognize the nonlinear
complicated nature of the expressions compared to previous
cases !0 where perfect truss structures were optimized.

C. Side Constraints

Side constraints refer to lower and/or upper limits placed
on intermediate variables or design variables. In the class of
problems addressed here, side constraints could be placed on
the cross-sectional properties or on the design variables x,,
themselves. In the current formulation lower and upper
constraints on the cross-sectional areas are introduced.

Upper Limit Constraints

If the maximum allowable cross-sectional area of element /
is denoted by A; .., then the appropriate constraint is

G=1-~A;/A, ypper (14)

This means that in the feasible region the value of the
constraint is positive. The first and second derivatives of the
constraint, with respect to the design variables, are

G 1 0A;
—_—=— — (15a)
axa Ai, upper axu
3’G 1 324,
=— : (15b)
9x ,0x g A upper 9%,0x4

Lower Limit Constraints

If the minimum allowable cross-sectional area of element §
is denoted by A; oy then the appropriate constraint is

G=1+Ai/Ai, lower (16)
The derivatives of the constraint are

3G 1 a4,

a - Ai, tower axa (17a)
3G _ 1 324,
axaaxﬁ - Ai. lower axaaxﬂ (l7b)
D. Stress Constraints
From Egs. (2) and (3) it follows that
F, Yei
Ok, max,min =_/1_I: =+ Ei 1__*_%'; (183)
where
&= (byE;x?)/L} (18b)

It is clear that under the present assumptions £; is constant
and does not depend on the design variables. For each case the
two values generated by Eq. (18a), one with the minus sign
and the other with the plus sign, refer to the maximum and
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minimum values of the stress, which is decided simply by
comparing them. The derivatives of the stresses with respect
to the design variables are obtained by differentiating Eq.
(18a) and using Eq. (6). This yields

a i ad,
Y4 +dy) =Y
30k max.min F; 0A; ax,, ax,
. a? x§; 3 (192)
X A} ox, (I1+dy)
, 04 04 a4,
azaik, max,min __ axcz axB ' axu axB
ax,dxs A3
3y 3y, ddy  Byg ddy
£ 1+d,) — 2 Tk _ e Wik
5.{[axaax3 (1 du) ax, dxg  Oxz Ax,
2dy ] ddy, ddy
—_y K I+di 425 K a}/ I+d,- 3
Ve 0x,0x5 ( ) dx, dxg Yaj) ¢ 2
(19b)

The stresses in the element / are bounded by upper and
lower limits given by 0; ,pper and 0; 1ouer, TESPeCtively. Let the
normalizing parameter &; be defined as

0;= (Ui, upper — 7, lower )/ 2 (20)

Upper Limit Constraints
In this case the constraint for element i under load con-

dition k is given by
G= (ai, upper — Jik, max )/ G; 21

Clearly the derivatives of the constraint are

3G _ 1 3a,~k, max

—_— = 22a
axa ai axa ( )
2 2,
a’G —_ 1 3%0, max (22b)
dx,0xg o; 0x,0xg

The derivatives of the stresses are given by Eqgs. (19).

Lower Limit Constraints

In this case the constraint for element i/ under load con-
dition k is given by

G= (aik, min — 0, lower)/‘_’i (23)

The derivatives of the constraint are

G =iauik, min (4a)
ax, 0; O0x,
aZG = _1__ 6201'1(, min (24b)
x,0xg  0; 0x,0xg

The derivatives of the stresses are given by Eqgs. (19).

E. Displacement Constraints

The displacement of node j in the direction ¢ can be
bounded by upper and lower limits given by u; . and
Uy, ower» TeSPectively. Let the normalizing parameter i, be
defined as

@iy = (Ujp, upper — Ujg, lower ) /2 (25)
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The displacement of node j in the direction ¢ under load
condition & is given by Eq. (4). Therefore, the derivatives of
the displacement with respect to the design variables are

g A (auﬂk> B
=) (&) & 26
axot 1=EI a6!’/( oaxa ( a)
i uy il

(au,,k) 3?8y (26b)

ax,0x5 =4\ 3By / 0dx,0x,

Upper Limit Displacement Constraints
The upper limit displacement constraints are given by

G = (Ujg, upper —Uju ) /e (27)

The derivatives of the constraint are

3G I duy
o 28
ax, a; ox, (282)
G 1 duy (28b)
ax,0xg 1l Ox,dxg

The derivatives of the displacements in Eqs. (28) are given
by Egs. (26).

Lower Limit Displacement Constraints
The lower limit displacement constraints are given by

G= (Ujy —Ujg 1ower ) /g (29)

The derivatives of the constraint are

3G 1 duy 108)
ax, @ 9x, (30a

3°G 1 9%u,
— & (30b)

ax,0xg - i 0x,9x5

The derivatives of the displacements in Eqs. (30) are also
given by Egs. (26).

F. Local Buckling Constraints

The member buckling constraint is formulated so that the
compressive force in member i/ under load condition k does
not exceed some specified fraction of the member buckling
load. For element / under load condition & this constraint has
the following form:

G=1.0+ ——=1.0+
81 Pg; S1idix

(31
where s;; is a factor that is assigned a value between zero and
one. The terms s,Pg in Eq. (31) then represent a com-
pressive force level smaller than the buckling load P,;, which
is not exceeded.

The derivatives of the local buckling constraint are

3G 1 ody/ox,

— = e 2
ax, sy di (322)
32d,, g _ 2% 0dy
3°G 1 3x,0xg * “ox, dx,
=—— (32b)
9x,,0xg sy d3
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G. System Buckling Constraints

The buckling load factor for mode f under load condition &
is given by Eqgs. (7). The derivatives of this buckling load
factor are

Mg _ ( Mg ) [a(/i,.,,)m]
axu - ig aA.ik A0 axa (33a)
R YA 9% (A ) rac
=X (525 ) | o
a.x(X axB i=1 aAik Nk axa axB

The constraint associated with the system buckling load
factor has the following form:

G=c(\gSx—1) (34a)
where
c=1 if Ay >0
c=—1 if \g <0 (34b)

The s, is a factor that is assigned a value between zero and
one. As a result of the constraint embodied in Eqs. (34) the
buckling load factor A, for mode £ under load condition &
must equal or exceed (1/55).

The derivatives of the constraint are

3G a
o =csﬂﬁ (35a)
382G 32Ny
(35b)

=cs
0x,0xg * ax, dxg

The derivatives of the buckling load factors in Egs. (35) are
given by Eqgs. (33).

III. Optimization Procedure

The goal of the optimization process is to minimize the
weight of the structure. The optimization procedure employed
here basically follows the method used by Schmit and
Miura.!® At the outset the initial design is analyzed by the
accurate complete method and an approximate representation
of the structural behavior is constructed. This approximate
representation is called a model and optimization of this
model is executed. One should, therefore, note that, in what
follows, ‘“‘model’’ means an approximate representation of
the structure near some base design and not, for example, a
finite element model. The optimization is carried out by a
sequence of unconstrained minimizations technique (SUMT)
algorithm based on the Haftka-Starnes'! extended interior
penalty function formulation. At the end of the present
optimization procedure a complete analysis of the optimized
structure is executed. Using these analysis results, a new
model is generated and the optimization procedure is then
repeated. This chain of operations is continued until a
predetermined convergence criterion is satisfied.

Using a quadratic extended interior penalty function!! it
should be remembered that this function has continuous first
and second derivatives. The interior penalty function is ex-
tended into the infeasible domain and so it provides an
automatic mechanism to recover from constraint violations

that may arise due to the use of approximate analyses or the

use of an infeasible initial design. In practice it was found that
the process of returning from the infeasible to the feasible
region is in many cases slow, expensive, and inefficient.
Therefore, an option (which is used in the numerical example
of this paper) to modify the design in order to get back into
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the feasible region has been provided in the computer code.
While in ACCESS 1 scale up involved simple multiplication of
all design variables by a constant greater than one, in the
present program the design is modified by moving in the
direction of the gradient to the violated constraint.

The operator of the computer code has to determine three
convergence criteria: convergence among one-dimensional
minimizations in a certain response surface, convergence
among response surfaces in a certain model, and convergence
criterion among models. He also determines the maximum
allowable number of response surfaces per model, and the
maximum allowable number of one-dimensional
minimizations per response surface.

IV. Numerical Example

As an example, optimization of a planar 17-bar truss
structure including both local and system imperfections will
be presented. The elements of the structure are considered
uniform rectangular cross sections with a constant depth of
2.54 cm. The cross sectional properties A;, I;, and y. and
their derivatives, as indicated in subsection B, easily are
calculated.

Convergence criterion among models is that the relative
change between the minimum weight of the last three models
is less than 0.001. The convergence criterion in the one-
dimensional minimization is even smaller and given as a
maximum relative change of 0.0005. Only two response
surfaces per model are allowed.

The geometry of this structure is presented in Fig. 2. The
structure is loaded by a vertical compressive load of 75616 N
as shown in the figure. The initial design, if not otherwise
indicated, was as follows: The cross-sectional areas of
elements 1-8 were taken as 19.35 cm? while the cross-sectional
areas of the rest of the elements were 12.90 cm?2. The total
weight of this initial design was 828.22 N. (Specific weight of
the material is 2.768 g/cm3.) Young’s modulus of the
material is 68940 MPa.

Four basic cases were considered: case I is a perfect
structure. Case II is a structure with only local imperfections.
The amplitude of the imperfections of elements 1-14 were
taken equal to 0.254 cm while those of elements 15-17 were



MAY 1981

taken as 0.0254 cm. Case III incorporated only system im-
perfections. The nodes of the structure were displaced slightly
from their original position in the shape of the first mode of
the buckling of the initial design. These displacements were
performed only in the X direction (see Fig. 2) while the shift
of node 1, which shows the largest shift among all nodes, was
only 1.27 cm. Case IV at the same time incorporated the local
imperfections of case II and the system imperfections of case
III. One other case associated with the 17-bar structure will be
described later in this section.

The design is subjected to side, stress, displacement, local
buckling, and system buckling constraints. The side con-
straints include the restraint that any cross section is not
allowed to be less than 0.645 cm?. According to the stress

Table1 Weight information at the end of the optimization of each
model of the 17-bar truss structure

Model Casel Case II Case I11 Case IV Case V
0 828.2 828.2 828.2 828.2 1142.6
1 506.2 544.5 537.5 587.2 711.2
2 445.9 476.5 488.7 518.7 625.7
3 407.8 438.1 463.4 488.5 531.32

646.6
4 394.6 422.0 436.02 476.0 565.62
448.6 631.7
5 380.1 418.3 435,12 470.12 576.6
440.4 474.6
6 376.2 412.2 429.32 465.12 580.1
435.2 470.0
7 374.5 410.2 428.72 464.22 574.3
433.8 467.1
8 373.22 408.5Y 427.52 464.42 572.4
373.4 412.5 4323 465.4
9 373.12 408.32 427.28 462.72 570.7
373.3 408.9 431.9 464.5
10 372.52 408.4° 431.4 462.62 568.7
373.1 412.9 463.5
11 372.52 431.3 461.92 566.8
372.9 462.9
12 372.42 431.1 462.6 564.9
372.8
13 462.5 563.72
565.0
14 564.42
565.2
15 564.52
578.0
16 . 564.22
564.8

N.B.: Results are in Newtons. 2 Infeasible design. Y The nonlinear analysis does
not converge. All the design variables are therefore increased by 1%.
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constraints the absolute value of any stress, tension, or
compression is not allowed to exceed 68.95 MPa. The
displacement constraints incorporate the displacements of
node number 1, where the displacement in the X direction is
restricted not to exceed 2.54 cm, while the displacement in the
Y direction is restricted to a maximum of 1.27 ¢cm. The
compressive force at any of the elements 1-14 is not allowed to
exceed 90% of the Euler buckling load while a compressive
force at elements 15-17 is not allowed to exceed 20% of the
elements’ Euler buckling load. The system buckling constraint
implies that the compressive force that acts on the structure
never exceeds 90% of the system buckling load.

In the design procedure a requirement for symmetry of the
structure has been imposed, namely, that symmetric elements
must be equal in size (the pairs of elements 1-2, 3-4, 5-6, 7-8,
9-10, 11-12, 13-14 are equal in size) so that only ten in-
dependent design variables exist.

A. Casel

The results for case I are presented in Tables 1 and 2. From
Table 1 one can see that for models close to the optimum
design there is a tendency, during the optimization process, to
get slightly into the infeasible region. The weight of the
structure after getting back into the feasible region is also
given in Table 1. This tendency is the result of using an ap-
proximate representation of the behavior of the structure.

The cross-sectional areas of the different elements of the
optimum design and the weight of total structure are given in
Table 2. The active constraints are local buckling constraints
that determine the sizes of elements 1-14. The sizes of
elements 16 and 17 are determined by their stress constraints.
It is interesting to note that element 15 is not determined by a
particularly evident constraint. The reason for this is the fact
that, even if the cross-sectional area of element 15 would have
been reduced to 0.645 cm? which is the smaller allowable
value according to the side constraint, this would have caused
a reduction of only 0.240 N in the total weight of the struc-
ture, being only 0.06% of the total weight of the structure.
Such a reduction is below even the very strict convergence
criterion of the optimization procedure and it is by no means
practical from an engineering point of view, and, therefore, it
seems unimportant that the optimizer does not pursue this
reduction. It should be noticed that this comment applies also
to small cross-sectional changes in elements 16 and 17, which
are short elements.

B. Casell

The changes of the weight at the end of each model are
given in Table 1. One new feature which appears in the Table

Table2 Details of the optimized 17-bar structure®

Casel Case II Case II1 CaselV Case V
Perfect Local and system
structure Local imperfection System imperfection imperfections Using safety factor
Cross- Cross- Cross- Cross- Cross- Change
sectional sectional sectional sectional sectional (compared
Element area, cm? area, cm? Change, % area, cm?  Change, % area,cm? Change, % area, cm? to Case IV),%
1 9.181 10.574 15 11.948 30 13.219 44 17.613 35
3 7.348 8.781 19 10.148 38 10.990 50 16.297 43
5 7.516 8.509 13 8.974 19 10.439 39 11.606 14
7 7.581 8.426 11 8.677 14 10.161 34 9.348 - 8
9 7.271 7.419 2 7.426 2 7.587 4 7.884 5
11 7.174 7.497 4 7.245 1 7.058 -2 8.619 22
13 7.239 7.503 4 7.239 0 6.865 -5 9.148 34
15 1.632 1.329 -19 1.452 -6 1.090 -33 3.316 -27
16 0.858 0.877 2 1.535 79 1.406 64 2.865 9
17 1.219 1.194 -2 1.548 27 0.819 -33 3.497 185
Total
weight 372.8N 410.2N 10 431.1N 16 462.5N 24 564.8 N 22

2Note that the structure is symmetric.
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is the case where convergence cannot be achieved in analyzing
the resultant design of a certain optimization procedure. Such
a phenomenon can be expected in nonlinear behavior, when
the structure is close to collapse (which is so in the present
case) and this collapse is not predicted accurately enough by
the approximate model. Therefore, at the end of the op-
timization stage while the approximate analysis does not
predict the collapse, the structure in fact is not capable of
carrying the load and, therefore, the analysis does not con-
verge.

The method of coping with such a situation is as follows: If
the analysis does not converge after a certain number of
iterations (15 in the present case) then all the design variables
are increased by a certain amount (1% in this case), and the
optimization procedure is continued in a more refined
manner.

The optimum design of case II was taken at the end of the
seventh model. The most important active constraint in the
present case is the system buckling constraint that influences
the final design more than any other constraint. The stress
constraints of elements 1, 2, 7, and 8 are also active and they
determine the cross-sectional areas of these elements. The
details of the optimum design are given in Table 2 with the
percentage of change compared to case I. One can see that the
tendency in this case is to increase the flexural stiffness of the
structure as a whole in order to cope with the system buckling
constraint. The total weight is 410.2 N which is an increase of
10% compared to case I.

C. Caselll

This is the case with system imperfection. As can be seen
from Table 1 12 models are required for convergence, but
from a practical point of view an optimum design is obtained
early on (a convergence criterion of 0.001 is very strict). The
system imperfection causes the displacement constraint,
associated with displacement of node 1 in the X direction, to
become the most important constraint, influencing the design
more than the other constraints. In order to cope with this
constraint, the tendency to increase the flexural stiffness of
the structure as a whole is increased (compared to case II) and
elements 1-8 are strengthened according to this tendency. The
dimensions of elements 9-14 are determined mainly by the
local buckling constraints of elements 9, 11, and 13. The total
weight of the structure is 431.1 N which is an increase of 16%
compared to the optimum of case I.

D. CaselV

This case incorporates both local and system imperfections.
The optimum design in this case is given in Table 2. The
tendency to increase the overall flexural stiffness of the
structure is stronger in this case compared to all the other
cases. The increase in the cross-sectional areas of elements 1-8
lies between 34-50% compared to case I. In the other elements
the tendency is mixed and while the cross-sectional areas of a
few elements are increased, others are decreased. A dominant
constraint in this case is again the displacement constraint
associated with the displacement in the X direction of node 1.
Other active constraints are the stress constraints of elements
2,6, 8, and 17. In elements 4 and 9 the stress is only 1% below
the allowable value. The total weight of the structure is 462.46
N which is an increase of 24% compared to the optimum of
case [.

E. CaseV

As was pointed out before, it has been well known for a
long time that optimum structures are sensitive to im-
perfections. The present report presents one way to cope with
this problem. People have tried to cope with the same problem
in other ways. In what follows, another method to introduce
the influence of imperfections into the design is presented and
compared with the results according to the present analysis.
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Fig. 3 Behavior of the optimized structure of case I when local and
system imperfections have been added.

The optimum design of the perfect structure as presented in
Table 2 (case I) is adopted, and both local and system im-
perfections are introduced into this design. Then the behavior
of this structure is investigated. The results of this behavior
are shown in Fig. 3. It is evident that due to the introduction
of the imperfections the structure is not capable of carrying
the original load of 75616 N. At a load of 38920 N a violation
of the stress constraint of element 2 occurs and later on, as the
load is increased, other constraints are violated (see Fig. 3).
The structure practically collapses at a load of 40032 N.
Therefore, one can conclude that due to the presence of the
imperfections the load carrying capacity of the optimized
structure is reduced by a factor of 0.515 (38920/75616).
Therefore, if we are applying the optimization procedure to a
perfect structure, the influence of the imperfections can be
taken into account by applying a compressive load of 146827
N to the structure (75616/0.515), instead of the original 75616
N. (Optimization of such a structure is presented in Tables 1
and 2ascaseV.)

The initial design of this case was as follows: The cross-
sectional areas of elements 1-8 were 25.80 cm? while the cross-
sectional areas of elements 9-17 were 19.35 cm?2. The total
weight of the initial design was 1142.6 N. The weight of the
optimum design at the end of each model is given in Table 1.
As one can see, the total weight of the optimum design is
564.81 N. In Table 2 the cross-sectional areas of this optimum
design are given and the percentage of change between this
case and case IV is also included. One should note that the
optimum of case V is considerably different from that of case
IV. In case V the system buckling constraint is the most
important one and its requirement to- increase the flexural
stiffness of the structure determines the cross-sectional areas
of elements 1-6. The cross-sectional areas of elements 7-14 are
mainly determined by local buckling constraints. The weight
of the optimum design in case V is 22% higher than the weight
of the optimum design of case IV. It should be emphasized
that not only is the optimum of case V much heavier, but the
fact is that, although there is certain logic in the approach,
there is not any confidence that the design is really feasible.

Based on the example of case V one can conclude that the
technique to optimize imperfect structures, which has been
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presented in this report is better than other techniques that are
based on applying certain safety factors. The advantages of
the present approach lie in the fact that the optimum that is
obtained turns out to be much lighter and it is surely feasible,
while the results of the other techniques can also be infeasible.

At the end it may be useful to give typical computer run
times. These results were obtained using an IBM370/168
computer. Cases I, II, III, IV, and V required 77, 123, 88,
149, and 115 s, respectively. Since these run times include
compilation, and remembering the very strict convergences
criteria, it is expected that practical run times will be much
shorter.

V. Conclusions

It was shown that by using an approximate analysis to
describe the highly nonlinear behavior of imperfect truss
structure, one can achieve an optimum design by performing
only 10-15 complete analyses. Thus by applying approximate
analysis during the optimization procedure one obtains an
efficient tool for optimization.

The presence of imperfections influences the design con-
siderably. In the example presented an increase of 24% in the
total weight of the optimum structure due to the presence of
local and system imperfections was found, compared to the
perfect structure. Moreover, it should be noted that the
presence of imperfections does not cause a specific propor-
tional increase of all elements. The influence of the im-
perfections differs from one element to the other. In fact, due
to the presence of the imperfections the nature of the design is
changed and, while certain constraints become active, others,
which are active during the optimization of the perfect
structure, cease to be active,

Another way to cope with the problem of the imperfections’
sensitivity of optimum design, is to introduce certain safety
factors that will take the imperfection presence into account,
Based on the numerical example of this paper it can be
concluded that not only is there no confidence that the op-
timum design is feasible according to the other technique, but
the weight of that design may be higher (22% in the present
case) than the weight of optimum design according to the
technique presented in this paper, which takes into account
the same imperfections.
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